Available online at www.sciencedirect.com
: x . JOURNAL OF
ScienceDirect SOUND AND

VIBRATION

ELSEVIER Journal of Sound and Vibration 306 (2007) 192-202

www.elsevier.com/locate/jsvi

Study on the radial vibration of a new type of composite
piezoelectric transducer

sk
Shuyu Lin
Institute of Applied Acoustics, Shaanxi Normal University, Xian, Shaanxi, 710062, China

Received 8 July 2006; received in revised form 7 February 2007; accepted 13 May 2007
Available online 28 June 2007

Abstract

In this paper, a new type of composite piezoelectric ceramic transducers is studied. The transducer consists of a
piezoelectric ceramic thin ring polarized in the thickness direction and a metal thin circular ring. The radial vibration of the
transducer is analyzed and its radial electro-mechanical equivalent circuit is obtained. Based on the electro-mechanical
equivalent circuit, the resonance and anti-resonance frequency equations are obtained. The relationship between the
resonance frequency, the anti-resonance frequency, and the effective electro-mechanical coupling coefficient and
the geometrical dimensions is analyzed. Some radial composite piezoelectric transducers are designed and manufactured.
The resonance frequencies and anti-resonance frequencies are measured and the effective electro-mechanical coupling
coefficient is calculated. It is illustrated that the measured radial resonance frequencies are in good agreement with the
theoretical results from the resonance frequency equation. The finite element method is also used to find the resonance
frequency and the radial displacement distribution. It is shown that the resonance and anti-resonance frequencies from the
finite element method are also in good agreement with those from the analytical method in this paper.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

Piezoelectric ceramic transducers are widely used for emitting and receiving sound waves in the medium.
There are many kinds of piezoelectric transducers that can be excited to vibrate in different vibrational modes
for different practical applications. Generally speaking, the most widely used vibrational modes in ultrasonic
technology are longitudinal extensional vibrational mode, radial extensional vibrational mode, torsional
vibrational mode, and flexural vibrational mode [1-7]. For underwater sound and ultrasonic applications,
longitudinal composite piezoelectric transducers, which are composed of a stack of piezoelectric ceramic rings
sandwiched between two metal masses are widely used and they are also referred to as sandwich transducers or
Langevin composite transducers. This kind of composite transducers are mainly excited to vibrate in one-
dimensional longitudinal vibrational mode and the design theory has been well developed [8—14]. The
advantages of the longitudinal composite piezoelectric transducers include large power capacity, high
mechanical strength, low resonance frequency, and stable vibrational performances. However, the radiating
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area of a longitudinal composite piezoelectric transducer is limited to less than a quarter wavelength because
one-dimensional design theory is assumed and this requires that the lateral geometrical dimension of a
longitudinal composite transducer must be much less than its longitudinal dimension.

In order to increase the radiating area of the longitudinal composite piezoelectric transducer, piezoelectric
ceramic ring or tube transducers in radial vibration can be used. For the radial transducers, the sound
radiation is in X—Y plane and is two-dimensional, and the radiation area is increased compared with one-
dimensional longitudinal composite transducer. However, for simple radial piezoelectric ceramic transducers,
which are either a piezoelectric ceramic ring or a tube, its power capacity is limited because of the fact that the
mechanical strength of pure piezoelectric materials is low. To overcome this problem, the radial composite
piezoelectric transducer is proposed in this paper which is similar to the longitudinal composite sandwich
transducer in structure. The radial composite piezoelectric transducer is composed of a piezoelectric ceramic
ring or tube and an outer metal ring or tube. It can be used as a two-dimensional high power radiator in
ultrasonic technology and underwater sound. It is also expected that this kind of radial composite transducers
can also be used as radial actuators and sensors in some related fields.

On the other hand, in underwater acoustics and some other fields, some new flextensional vibrational mode
transducers named as moonie and cymbal transducers are developed [15-19]. They have the advantages of
small volume and large vibrational displacement amplitude. In moonie or cymbal transducers, a piezoelectric
ceramic thin disk polarized in its thickness direction in radial vibration is sandwiched between two metal caps
which can take different shapes. The radial vibration of the piezoelectric disk is converted into the flexural
vibration of the metal caps, and the metal caps in flexural vibration radiate sound wave into the surrounding
medium, such as water or air. In the traditional moonie or cymbal transducers, the piezoelectric ceramic disk
and the metal caps are glued together by some kind of cement. Since the cementing strength is limited, the
traditional moonie or cymbal transducers cannot be excited to vibrate at a very large power level. In order to
increase the power capacity of the moonie or cymbal transducers, the radial composite piezoelectric transducer
can be used instead of a piezoelectric ceramic disk. In this case, the metal caps and the radial composite
piezoelectric transducer can be connected together by using metal bolts, the mechanical strength is increased,
and therefore the power capacity of the moonie or cymbal can be increased accordingly.

As stated above, the radial composite piezoelectric transducers can be used in ultrasonic technology,
underwater sound and mechanical actuating and sensing fields. However, for the radial composite
piezoelectric transducer, there is no developed design theory. In this paper, the radial composite piezoelectric
transducer consisting of a piezoelectric ceramic thin ring and a metal thin circular ring is studied, its electro-
mechanical equivalent circuit is obtained, the resonance frequency equation is derived, and its vibrational
characteristics are analyzed.

2. Analysis on the radial vibration of a composite piezoelectric transducer

The radial composite piezoelectric transducer is shown in Fig. 1. In the figure, the external exciting electric
field Ej5 is in the thickness direction. The inner and outer radiuses of the piezoelectric ceramic ring are R; and
R5; the inner and outer radiuses of the metal thin ring are R, and Rj;. The thickness of the composite
transducer is A.

Metal Ring

Fig. 1. Geometrical diagram of a radial composite piezoelectric transducer in radial vibration.
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2.1. Radial vibration of a piezoelectric ceramic thin ring

Fig. 2 shows a thickness polarized piezoelectric ceramic ring in plane radial vibration. Its thickness, inner
and outer radiuses are 4, Ry, and R,. F,q, v,; and F),, v,» are the radial force and vibration velocity at the inner
and outer surfaces of the piezoelectric ring. When the thickness is much less than the outer radius, the
piezoelectric ceramic ring can be regarded as an ideal thin one and its vibration an ideal plane radial vibration.
The radial wave equation is

%, _oT, T.—Ty

Po o2 or r M)

Here, p, is the volume density of the piezoelectric ceramic material, r the radial coordinate, &, = &,(r, f) the
radial displacement, and T, and T} the radial and tangential stresses. The radial and tangential strains S, and
Sy can be expressed as

)
s =% 5=t @
or r
The piezoelectric constitutive equations are:
S, =sE T, + 55Ty + ds Es, (3)
So = sty Ty + s, Tp + d31 Es, )
Dy =dy T, +dy Ty+ el Es. (5)

In the above equations, s¥ and 5%, are the elastic compliance constants measured at constant electric field,
ds; the piezoelectric strain constant, E3 the external exciting electric field, Ds the electric displacement, and &}
the dielectric constant measured at constant stress. Let &, = &,o(r) exp(jw?), using the above equations, the
wave equation can be expressed as

dzérO/dr2 + (dél'O/dr)/r - érO/V2 + kf()éro =0. (6)

Here, ko = o/ V0, o = 21f, Vo = [1/55po(1 = v3,)]'/%, Vi is the radial sound speed, and v, = —s% /s5,.
The solution to Eq. (6) is

Eo(r) = AoJ 1 (kor) + Bo Y1 (kyor). (7

Here, J(k,or) and Y(k,or) are Bessel functions of order one, 4, and B, are constants. The radial
vibrational velocity amplitude v,q can be obtained as

v = jo[AoJ 1(kror) + By Y1 (kor)]. (®)

Fig. 2. A thickness polarized piezoelectric ceramic ring in radial vibration.
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From Fig. 2, using the boundary conditions, v,0l,—g, = /1, V;0l,=r, = —Vr2, We can get the expressions for
the constants:

AO _ L Ur2 Yl(krORl) + Ur1 Yl(krORZ) (9)
jo Ji(koR2) Yi(kyoRy) — Ji(kR) Y 1(kyoR2)
_ 1 vaJ1(koRy) + v J i1 (koR2) (10)
O 7 jo JikoRy) Y (ko R1) — J1(kno R Y 1 (ko Ra)
From Egs. (3) and (4), the radial stress 7, in the piezoelectric ring can be expressed as
T — <Sr—S(a Sr+S9_2d31E3)/2=L |:Sr+V1259_ ds E; (11
’ st — St sty + 5t sii L 1=vh I =]
Substituting Egs. (2) and (7) into (11) yields
T =5, J1(ko Rk Yo(kror) — Yi(kor)(1 — vi2) /1] — Y1(ko R)[kroJo(kror) — J1(kor)(1 — vi2) /1]
T jolJ1(koR2) Y (kg R1) — J1(kyoR1) Y1 (Ko Ro)IsE (1 — v3y)
+on Ji(kro Rk Yo(kror) — Yi(knor)(1 — vi2) /1] — Yi(koRo)kroJo(kror) — Ji(kor)(1 — vi2) /7]
' jolJ (ko R2) Y 1(knyRy) — J1(kyoR1) Y 1 (ko Ro)IsE (1 — v1y)
d3 E3
- - 12
sﬁ + sz £

From Fig. 2, we have, F\,y = —T,|,_g,S1, Fro = =T,|,_g,S2, S1 = 2nR1h, S» = 2nRoh. S| and S, are the
inner and outer surface areas of the piezoelectric ceramic thin ring. Using Eq. (12) and the boundary
conditions of radial forces, after some complex transformations, we have

F;/l = (le + ng)v;.l + Z3PU;2 + N3 Vs, (13)

Fy = (Zy + Zsp)vyy + Zypvy + N31 Vs, (14)

Here, F/, = (nk,0R2/2)F,1, F!y = (nkR1/2)F 2, v, = (2/mk,0R2)vn1,0,, = (2/mk,0R1)vr2; N3 = ko R1 Ry
(d31/(sE + 55)), N3, is the electro-mechanical conversion coefficient of a thin piezoelectric ceramic ring in
radial vibration. V3 = Esh, V3 is the voltage applied to the piezoelectric ring. Z,,, Z,,, Zs, are three
mechanical impedances, their expressions are:

Z, = (ko R2)*Zo1 |:Yl(kr0R2)J0(kr0R1) — JitkoR2) Yo(koR1) 1 — V12:|
v 4] Ji(knR) Y 1(kroRy) — J1(kroRD) Y 1(kioR2)  KroRy
—j@ mkro Ry (15)
2 Ji(koRy) Y (kwR1) — Ji(kyoR) Y 1(kyoR2)’
Zyy = w2k R1) Zo [Yl(kroRl)JO(kroRz) — ik R) Yo(koRy) 1= m}
’ 4j JikoR) Yi(koRy) — Ji(koR) Y1k Ry) ko Rz
—] @ kR (16)
2 JilkoRo) Y 1(kwRi) — Ji(knoR) Y 1 (ko R2)’
T = . ﬁ TlfkroRz
¥ I o R) Y (ko R)) — T 1(hro R1) Y 1 (kg R2)
.Z nk,oR
s 0l (17)

2 Ji(koR2) Y 1(kyR)) — J1(kgR) Y 1 (ko R2)
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Here, Zo1 = po V1051, Zoa = poV0S2. Let the electric current into the piezoelectric ceramic ring be /3, For
harmonic vibration, I5 = dQ/dt = jwQ, Q is the electrical charge. It can be calculated from the following
formula:

0= 27r/D3rdr. (18)

Substituting Eq. (5) into Eq. (18), after some transformations, we can get the following equation:
I3 = jwCo V3 — N31(v); + v;5). (19)

Here, Cy, = (e5L,S/M)[1 — 2d3, /(e5,(sF, + s5))], Co, is the clamped electric capacitance of the piezoelectric
ceramic thin ring in radial vibration. S = n(R3 — R?), S is the cross-sectional area of the piezoelectric ceramic
circular ring. Using Egs. (13), (14) and (19), the Mason electro-mechanical equivalent circuit of a piezoelectric
ceramic thin circular ring in radial vibration can be obtained as shown in Fig. 3. In the figure, F, = n1F,,
F:lz = n2F,~2, U;l = U,~1/n1, U;z = Urz/nz, n = 7'Ek,~0R2/2, npy = nk,oR1/2.

2.2. Plane radial vibration of a metal thin circular ring

Fig. 4 shows a metal thin circular ring in radial vibration. Its thickness, inner and outer radiuses are &, R,,
and Rj. F,», v, and F,3, v, are the radial force and vibration velocity at the inner and outer surfaces of the
metal ring. According to this similar type of analysis, the electro-mechanical equivalent circuit of a metal thin
circular ring in radial vibration can be obtained as shown in Fig. 5. In Fig. 5, Z,,,, Z>,,, and Z3,,, are the three
mechanical impedances, their expressions are:

7 . 27,
= ) kR (kR3) Y1 (kRa) — J1(kR2) Y1 (kR3)]
y |:J1(kR3) Yo(kRy) — Jo(kRy) Y 1(kR3) — J1(kRy) Yo(kR2) + Jo(kRz)Yl(kR2)]
J1(kR2) Yo(kR>) — Jo(kR2) Y 1(kR>)
22r2(1 - V)

=J 5 , (20)
(kR [J1(kR2) Yo(kRy) — Jo(kR2) Y1 (kRy)]
S 27,5
2 = KR (kR) Y 1 (KR2) — 1 (kRy) Y1 (kR3]
§ [J] (kR>) Yo(kRs) — Jo(kR3) Y 1(kRa) — Jy(kR3) Yo(kRs) + Jo(kR3) Y (kR3)]
J1(kR3) Yo(kR3) — Jo(kR3) Y 1(kR3)
2Zr3(1 —V) (21)

s T(kR3)’[J1(kR3) Yo(kR3) — Jo(kR3) Y1(kR3)]

o—> » +—C
7 f
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E
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o—
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Fig. 3. Electro-mechanical equivalent circuit of a thickness polarized piezoelectric ceramic thin ring in radial vibration.
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Fig. 4. A thin metal circular ring in radial vibration.
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Fig. 5. Electro-mechanical equivalent circuit of a metal thin circular ring in radial vibration.
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Fig. 6. Composite electro-mechanical equivalent circuit of a radial composite piezoelectric ceramic transducer in radial vibration.

. 27,
= R (kR3) Y 1 (kRa) — J1(kRa) Y1 (KR )]
) 2Zr3
= RkR 1 (kRs) Y 1(kR2) — J1(kRo) Y 1 (kR3]
Here, Z,, = pV,S2, Z,3 = pV,.S3, So = 2nRyh, S3 = 2nR3h, and S5 and S, are the outer and inner surface
areas of the metal thin ring.

Z

(22)

2.3. Composite electro-mechanical equivalent circuit and resonance frequency analysis of the radial composite
piezoelectric ceramic transducer

At the boundary between the piezoelectric ceramic ring and the metal ring, the radial velocity and force are
continuous. Using the equivalent circuits as shown in Figs. 3 and 5 derived in the above sections for the
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piezoelectric ceramic ring and the metal ring, the composite electro-mechanical equivalent circuit of the radial
composite piezoelectric ceramic transducer can be obtained as shown in Fig. 6. In the figure, the dotted line
divides the whole figure into two parts, one representing the piezoelectric ceramic ring, and the other
representing the metal ring in radial vibration.

In Fig. 6, there are two electric terminals and four mechanical terminals. When there are no external forces
acting on the inner and outer surface, i.e., F,; =0, and F,; = 0, the mechanical terminals of the radial
transducer are short-circuited. In this case, from Fig. 6, the input mechanical impedance Z,,,, of the metal thin
circular ring in radial vibration, or the output mechanical impedance of the piezoelectric ceramic thin ring can
be obtained as

Z 2m Z 3m
V4 om + V4 3m

The mechanical impedance Z,, between the mechanical terminals m and n of the radial composite
piezoelectric ceramic transducer in radial vibration is

le(Z2p + n%Zmr)

Zmr = Zlm + (23)

Ly =23+ . (24)
" ’ le + Z2p + n%Zmr
The input electric impedance Z, of the radial composite piezoelectric ceramic transducer is
V3 Zn
=, (25)
g N31 +ijwCoZy,
From Eq. (25), we can get the resonance frequency equation:
Z,=0. (26)
The anti-resonance frequency equation is
Z, = o0. (27)

Using the resonance frequency Eq. (26) and the anti-resonance frequency Eq. (27), when the material
parameters and geometrical dimensions are given, the resonance frequency and the anti-resonance frequency
can be calculated. On the other hand, when the resonance frequency of the transducer is given, the geometrical
dimensions can also be obtained.

From the above analysis it can be seen that the frequency Egs. (26) and (27) are complex transcendental
equations, their analytical solutions are impossible to find. Therefore, numerical methods should be used. Let
R, = Ry + (R3; — Ry)t, © is known as the radius ratio. The theoretical relationship between the resonance
frequency, the anti-resonance frequency, and the geometrical dimensions are computed by using the
mathematical software Mathematica. The materials of the piezoelectric ceramic ring and the metal ring are
PZT-4 and steel. Their standard material parameters are used and listed as follows: p, = 7500 kg/m’,
sE =123 x 1072 m?/N, s = —4.05 x 1072 m?/N, v, =0.33, dy; = —123 x 107"2C/N, &L} /ey = 1300,
gy = 8.842 x 10712 C? /(N m?), p = 7800 kg/m’, E =2.09 x 10'' N/m? and v = 0.28. The theoretical relation-
ship between the resonance frequency and radius ratio is shown in Figs. 7 and 8.

It can be seen from Figs. 7 and 8 that when radius ratio 7 is increased, the first and the second resonance and
anti-resonance frequency are all decreased. This means that the geometrical dimensions of the radial
composite piezoelectric transducer affect its resonance and anti-resonance frequency. When the inner and
outer radiuses Ry and Rj; of the transducer are fixed, the resonance and anti-resonance frequency are decreased
when the radius R, is increased. This means that the resonance frequency of a metal ring is higher than that of
a piezoelectric ceramic ring with the same geometrical dimensions. Fig. 9 illustrates the effective electro-
mechanical coupling coefficient k. of the radial composite piezoelectric transducer, its expression is

fi-f;
2

ki = (28)
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Fig. 7. Theoretical relationship between the first resonance and anti-resonance frequency and radius ratio .
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Fig. 8. Theoretical relationship between the second resonance and anti-resonance frequency and radius ratio 7.

It is shown in Fig. 9 that the effective electro-mechanical coupling coefficient is increased when the radius
ratio 7 is increased. The reason for this is that when the proportion of the piezoelectric ceramic material in the
composite transducer is increased, the electro-mechanical conversion capacity is increased.

It is well-known that the finite element method is very useful in finding the resonance frequency and
analyzing the vibrational displacement distribution of transducers with any geometrical shapes and
dimensions. Table 1 illustrates the theoretical resonance frequencies of some radial composite piezoelectric
transducers by using the analytical method from the resonance frequency equation and the finite element
method. In Table 1, f, and f, are the first radial resonance and anti-resonance frequency of the transducers
obtained from the frequency equations; f;, and f,, are the first radial resonance and anti-resonance frequency
of the transducers obtained from the finite element method (ANSYS Program). Al =|f, — ful/f ns
A2 = |f, — fanl/f an- It can be seen from Table 1 that the resonance frequencies from the frequency equations
and the finite element method are in good agreement with each other.
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Fig. 9. Theoretical relationship between the effective electro-mechanical coupling coefficient and radius ratio t.

Table 1
Theoretical resonance and anti-resonance frequencies of the radial composite piezoelectric transducers from the frequency equations and
the finite element method

No. Ry (mm) R, (mm) R; (mm) h (mm)  f, (Hz) f,(Hz)  fuw(Hz)  fin (Hz) 41 (%) 42 (%)

1 7 26 46 6 27781 29638 27740 29768 0.15 0.44
2 6 30 50 8 25798 27970 25741 28078 0.22 0.38
3 8 20 40 6 31761 33066 31726 33097 0.11 0.09
4 4 12.5 42.5 6 36368 37409 36337 37379 0.09 0.08
DISPLACEMENT
SUB =5 oy, JAN 28 2007
FREQ=2 9768 3 N \’?;: o 17:29:20
DMX =2.082 ol > =
L T »
e
e 7
r'\e;" . - =
iy o

Fig. 10. The simulated vibrational displacement distribution pattern from the finite element method.
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Table 2
Theoretical and measured resonance and anti-resonance frequency of the radial composite piezoelectric transducers

No. Ry (mm) R, (mm) Ry (mm) 4 (mm)  f (Hz) fy(Hz)  fim (H2)  fum (H2) 43 (%) 44 (%)

1 7 26 46 6 27781 29638 28301 29301 1.84 1.15
2 6 30 50 8 25798 27970 26476 27167 2.56 2.96
3 8 20 40 6 31761 33066 32234 32709 1.47 1.09
4 4 12.5 42.5 6 36368 37409 35917 36335 1.26 2.96

The radial vibrational displacement distribution pattern of a radial composite piezoelectric transducer from
the finite element method is simulated and shown in Fig. 10. It is obvious that the simulated vibrational
distribution of the radial composite piezoelectric transducer is in the radial direction, and this is in full
consistency with the analytically predicted result.

3. Experiments

In order to verify the theoretical analysis, some radial composite piezoelectric ceramic transducers are
designed according to the frequency equations and manufactured. The materials of the piezoelectric ceramic
ring and the metal ring are PZT-4 and steel. Their material parameters are the same as those used in the
computation of the above analysis. The resonance and anti-resonance frequencies of the radial composite
piezoelectric transducers are measured using an Agilent 4294A precision impedance analyzer; the measured
results are listed in Table 2. In the table, f, and f, are the theoretical radial resonance frequency and anti-
resonance frequency of the radial composite transducer from the frequency equations; f., and f,, are the
measured resonance and anti-resonance frequency of the radial composite transducer, 43 = |f,—fim|/fim,
A4 = |f,—fam!/fam- It can be seen that the measured radial resonance frequencies are also in good agreement
with the theoretical results from the frequency equations.

4. Conclusions

In this paper, the radial composite piezoelectric transducer is proposed and analyzed, its radial vibration is
studied analytically, and the finite element method is also used to analyze its electro-mechanical vibrational
characteristics. To sum up the above analysis, the following conclusions can be obtained:

1. The electro-mechanical equivalent circuit of the radial composite piezoelectric ceramic transducer is
obtained, and the resonance and anti-resonance frequency equations are derived.

2. The relationship between the resonance frequency and radius ratio of the radial composite piezoelectric
transducer is analyzed. When radius ratio 7 is increased, the resonance and anti-resonance frequency are
decreased.

. When the radius ratio 7 is increased, the effective electro-mechanical coupling coefficient is increased.

4. The finite element method is used to find the resonance frequency and simulate the radial vibrational
displacement distribution of the radial composite piezoelectric transducer. It is shown that the resonance
frequencies from the frequency equations and the finite element method are in good agreement with each
other.

5. Some radial composite piezoelectric transducers are designed and manufactured; the resonance and anti-
resonance frequencies are measured. It is shown that the measured resonance frequencies are in good
agreement with the theoretical results.

6. In this paper, it is assumed that the thickness of the transducer is much less than its outer radius. This
means that the ideal plane radial vibration is assumed. The analysis for the radial composite piezoelectric
transducer consisting of a piezoelectric long tube will be studied in future research work.

7. This kind of radial composite piezoelectric ceramic transducers can be as ultrasonic and underwater sound
radiators with large radiation area and power. It can also be used as actuators and sensors in ultrasonic
motor and other related fields.

W
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